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Abstract
Two versions of the neutron-gamma variance to mean (Feynman-alpha method or
Feynman-Y function) formula for either gamma detection only or total neutron-gamma
detection, respectively, are derived and compared in this paper. The new formulas have
particular importance for detectors of either gamma photons or detectors sensitive to
both neutron and gamma radiation. If applied to a plastic or liquid scintillation de-
tector, the total neutron-gamma detection Feynman-Y expression corresponds to a sit-
uation where no discrimination is made between neutrons and gamma particles. The
gamma variance to mean formulas are useful when a detector of only gamma radiation
is used or when working with a combined neutron-gamma detector at high count rates.
The theoretical derivation is based on the Chapman-Kolmogorov equation with the in-
clusion of general reactions and corresponding intensities for neutrons and gammas,
but with the inclusion of prompt reactions only. A one energy group approximation
is considered. The comparison of the two different theories is made by using reac-
tion intensities obtained in MCNPX simulations with a simplified geometry for two
scintillation detectors and a 252Cf-source. In addition, the variance to mean ratios, neu-
tron, gamma and total neutron-gamma, are evaluated experimentally for a weak 252Cf
neutron-gamma source, a 137Cs random gamma source and a 22Na correlated gamma
source. Due to the focus being on the possibility of using neutron-gamma variance
to mean theories for both reactor and safeguards applications, we limited the present
study to the general analytical expressions for Feynman-alpha formulas.
Keywords: variance to mean, Feynman-alpha, Feynman-Y, gamma Feynman-Y, total
Feynman-Y, fast detection
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1. Introduction
The Feynman-alpha theory for neutrons has a long history in a field of reactor ap-
plications. It was traditionally used for evaluation of subcritical reactivity in reactors
during startup with a neutron source, and later in accelerator-driven systems [1]. Rel-
atively recently this method received attention in the area of nuclear safeguards for
purposes of detection of special nuclear materials and spent fuel assay [2–4]. One of
the drawbacks of the traditional approach in safeguards applications was related to the
use of thermal neutron detectors, which limited the performance in terms of time, type
and activity of the radioactive or nuclear material and data completeness (information
about the energy of particles is lost during slowing down process). Therefore, attempts
were made in order to use fast neutron detection for the evaluation of the Feynman-Y
function of the variance to mean ratio [5, 6]. A comparision between the performance
of thermal and fast detection systems [7] showed that it took 8.5 hours for a thermal
detection system (3He counters) in contrast to 100 seconds for a fast detection system
(liquid scintillation detectors with pulse shape discrimination) to assay a weak 252Cf-
source by using Feynman-alpha approach. However, when using fast scintillation de-
tectors for this purpose, which are also sensitive to gamma photons, the need arose
to discriminate between neutrons and gamma particles, whereby the lack of a robust
discrimination method represented a complication in the application of the method.
To address this problem and to extend the capacities of the Feynman-alpha ap-
proach, we suggest here an alternative path, by deriving Feynman-alpha formulas by
taking into account the generation and detection of gamma photons. This way, two
new versions of the Feynman-alpha theory can be elaborated: one based only on the
detection of gamma particles, and another in which both neutrons and gamma pho-
tons are detected without identifying which is which, i.e. not performing pulse shape
discrimination and only considering the total (neutron and gamma) counts.
In this work we do not include delayed neutrons treatment. The reason for this is
that the delayed neutrons are emitted long after the fission event, e.g. mean delay times
are varying between 0.1 and 10 s, and therefore, their contribution is expected to be
negligible while working with fast detection systems (time scale from 1 ns to 10000
ns). The capture gammas, photofission and photonuclear neutrons are not included
in the present theory either. Their effect to the neutron-gamma Feynman variance-to-
mean ratios for neutron, gamma and total detection is investigated by us separately
[8]. There are two reasons why the new versions of the Feynman-alpha formulas are
considered in a one-group approximation. One is to enable them for a relatively easy
practical use and another is related to the fact that according to the results of recent
theoretical investigation [9], the one-point one-group version and the two-point two-
group version of Feynman-alpha formulas used for fast neutron detections lead to the
same results.
Having derived the corresponding formulas, they are investigated both numerically
and experimentally.
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2. The theoretical background for the neutron-gamma Feynman-alpha theory
The derivation given below will use the same assumptions as the traditional Feynman-
alpha theory for neutrons [10]. This approach assumes a homogeneous infinite medium
in which the detector is also distrubuted homogeneously. In such a setting the tempo-
ral evolution of the neutron chains is determined by the properties of the multiplying
medium, which are only very slightly influenced by the presence of the detector, which
is a weak absorber compared to the medium. The exponent alpha, extracted from the
measurement, is characteristic to the speed of the dying out of the subcritical chains
and hence is a characteristics of the material. Due to this reason, the primary use of
the theory as developed in this paper is envisaged for enhancing the performance of
the Feynman-alpha method for measurements of the subcritical reactivity and it will be
tested in measurements at a research reactor.
However, our main purpose is to extend the capabilities of the Feynman-alpha
method in safeguards applications in order to characterise an unknown sample. As
is also discussed in the literature [4], the application of the Feynman-alpha method in
safeguards measurements, and in particular for measurements on orphan sources, is not
straightforward. The detector is outside of the (usually small) sample, and only detects
the neutrons which leaked out from the sample. In contrast to the large, close to critical
reactor cores with a detector embedded into the core or the reflector, the statistics of
the leaked out neutrons here is determined largely (and for small samples, solely) by
the multiplicity of the neutron source (which is spontaneous fission) and to a lesser
extent from the multiplication in the medium, whereas the parameter alpha (inverse of
the die-away time) is determined by the properties of the detector. The properties of
the material (the unknown sample) are extracted mostly from its properties as a sponta-
neous neutron source with a multiplicity, rather than from the properties of the internal
multiplication in the system.
For these reasons, application of the Feynman-alpha method in safeguards mea-
surements is based on the asymptotic value of the variance to mean, rather than on
its temporal evolution, characterised by the parameter alpha. The combination of the
asymptotic value of the variance to mean in neutron measurements and the average
count rate, was already used for determinining the strength of an252C f source. One ap-
plication of the present theory is to attempt the same by using gamma photons or both
neutrons and gamma photons. However, we shall have in mind the difference between
the assumptions of the model and the application.
2.1. The main concept and assumptions
The neutron-gamma variance to mean (Feynman-alpha) formulas for separate gamma
detection and total neutron-gamma detection will be derived by using the Kolmogorov
forward approach the same way as described in [9, 10]. In the model that will be used
for the derivations we assume that there are neutron and gamma populations: neutrons
(denoted as particles of type 1) and gammas (denoted as type 2). Neutrons can undergo
the reactions (i) listed below:
• absorption (i = a) with no gammas emitted,
• fission (i = f ) with corresponding gamma emission,
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• detection (i = d).
Gamma particles can undergo the same reactions (i) as neutrons except fission, i.e.
photofission or photonuclear reactions are not considered in the present model.
As mentioned, the assumption behind the model is the same as with the traditional
Feynman-alpha theory, i.e. that the medium is infinite and homogeneous with space-
independent reaction intensities for absorption of neutrons (λ1a) and gammas (λ2a),
fission induced by neutrons (λ1 f ) and detection of neutrons (λ1d) and gammas (λ2d),
as shown in Figure 1.
Figure 1: A model of various processes which particles can undergo.
Thus, the total transition intensities for neutrons and gammas are denoted as λ1 and
λ2:
λ1 = λ1a+λ1 f +λ1d
λ2 = λ2a+λ2d
(1)
In the model we include a compound Poisson source of neutrons and gammas with
emission intensity S. The source is assumed to release m neutrons and n gammas in
one emission event with the probability distribution p(m,n). For the induced fission
reaction, we consider that k neutrons and l gammas are emitted with the probability
distribution f (k, l). All fission neutrons are assumed to be prompt, i.e. delayed neutrons
as not considered in this work. No delayed generation processes for gamma photons
are assumed either.
2.2. The one-group one-point model for separate detection of neutrons and gammas
In order to derive the one-group one-point Feynman-alpha theory for separate de-
tection of neutrons and gammas, let us assume that the source S is switched on at the
time t0 ≤ t, whereas the separate detection processes for neutrons and gammas both are
started at the same fixed time instant td , where t0 ≤ td ≤ t. Let the random processes
N1(t) and N2(t) represent the number of neutrons and gammas at the time t ≥ 0, and
Z1(t, td) and Z2(t, td) - the number of neutron and gamma detections in the time interval
[td , t], respectively. Thus, the joint probability of having N1 neutrons and N2 gammas
at time t in the system, and having detected Z1 neutrons and Z2 gammas during the
period of time t− td ≥ 0 can be defined as P(N1,N2,Z1,Z2, t|t0). By summing up the
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probabilities of all mutually exclusive events of the particle not having or having a spe-
cific reaction within the infinitesimally small time interval dt, one obtains the forward
Kolmogorov or forward master equation
dP(N1,N2,Z1,Z2, t)
dt
=−(λ1N1+λ2N2+S)P(N1,N2,Z1,Z2, t)
+λ1a(N1+1)P(N1+1,N2,Z1,Z2, t)+λ2a(N2+1)P(N1,N2+1,Z1,Z2, t)
+λ1 f
N1+1
∑
k
N2
∑
l
(N1+1− k) f (k, l)P(N1+1− k,N2− l,Z1,Z2, t)
+λ1d(N1+1)P(N1+1,N2,Z1−1,Z2, t)
+λ2d(N2+1)P(N1,N2+1,Z1,Z2−1, t)
+S
N1
∑
m
N2
∑
n
p(m,n)P(N1−m,N2−n,Z1,Z2, t)
(2)
where, as mentioned earlier, f (k, l) is the number distribution of neutrons and gammas
in an induced fission event. The initial condition reads as
P(N1,N2,Z1,Z2, t = t0 | t0) = δN1,0δN2,0δZ1,0δZ2,0 (3)
The various moments of the particle numbers and detection numbers can be obtained
from this equation by using the generating function technique in a way similar to as
described in [10]. By defining the following generating function for the probability
distribution P(N1,N2,Z1,Z2, t):
G(X ,Y,L,W, t) =∑
N1
∑
N2
∑
Z1
∑
Z2
XN1Y N2LZ1W Z2P(N1,N2,Z1,Z2, t) (4)
with the initial condition for t0 ≤ t
G(X ,Y,L,W, t = t0 | t0) = 1, (5)
the following partial differential equation is obtained:
∂G
∂ t
= [λ1a+λ1dL−λ1X +q(X ,Y )λ1 f ]∂G∂X +[λ2a+λ2dW −λ2Y ]
∂G
∂Y
+S[r(X ,Y )−1]G.
(6)
Here the generating functions of the number distributions of neutrons and gamma pho-
tons in a source event (spontaneous fission) and an induced fission event were intro-
duced as
r(X ,Y ) =∑
m
∑
n
XmY n p(m,n)
q(X ,Y ) =∑
k
∑
l
XkY l f (k, l)
(7)
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In the above, as mentioned before, p(m,n) is the probability of having m neutrons and
n gammas produced in a source event. For the sake of simplicity, some notations are
introduced as follows:
∂
∂X
q(X ,Y )
∣∣∣∣
X=Y=1
=∑
k
∑
l
k · f (k, l) = q(1,0)
∂
∂Y
q(X ,Y )
∣∣∣∣
X=Y=1
=∑
k
∑
l
l · f (k, l) = q(0,1)
∂ 2
∂X∂X
q(X ,Y )
∣∣∣∣
X=Y=1
=∑
k
∑
l
k · (k−1) · f (k, l) = q(2,0)
∂ 2
∂Y∂Y
q(X ,Y )
∣∣∣∣
X=Y=1
=∑
k
∑
l
l · (l−1) · f (k, l) = q(0,2)
∂ 2
∂X∂Y
q(X ,Y )
∣∣∣∣
X=Y=1
=∑
k
∑
l
k · l · f (k, l) = q(1,1)
(8)
and
∂
∂X
r(X ,Y )
∣∣∣∣
X=Y=1
=∑
m
∑
n
m · p(m,n) = r(1,0)
∂
∂Y
r(X ,Y )
∣∣∣∣
X=Y=1
=∑
m
∑
n
n · p(m,n) = r(0,1)
∂ 2
∂X∂X
r(X ,Y )
∣∣∣∣
X=Y=1
=∑
m
∑
n
m · (m−1) · p(m,n) = r(2,0)
∂ 2
∂Y∂Y
r(X ,Y )
∣∣∣∣
X=Y=1
=∑
m
∑
n
n · (n−1) · p(m,n) = r(0,2)
∂ 2
∂X∂Y
r(X ,Y )
∣∣∣∣
X=Y=1
=∑
m
∑
n
m ·n · p(m,n) = r(1,1)
(9)
In a steady subcritical medium with a steady source, a stationary state of the system
exists when t0→−∞. For that case the following solutions are obtained for the constant
neutron and gamma populations N¯1, N¯2 and the time-varying detection counts Z¯1(t),
Z¯2(t):
N¯1 =
Sr(1,0)
λ1−λ1 f q(1,0)
N¯2 =
Sr(0,1)
λ2
+
Sλ1 f q(0,1)r(1,0)
λ2(λ1−λ1 f q(1,0))
Z¯1(t) = λ1dN¯1t
Z¯2(t) = λ2dN¯2t
(10)
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As a sideline, it can be mentioned that in reactor physics terminology, λ1 = λa and
λ1 f q(1,0) = νλ f = 1/Λ. Accounting also for the definition of the reactivity ρ as
ρ =
νλ f −λa
νλ f
, (11)
the first equation in (10) can be written as
N¯1 =
SΛr(1,0)
−ρ =
SΛr1
−ρ , (12)
where the notation r1 was introduced for the average number neutrons emitted in a
source event. Eq. (12) is the known classical result for a stationary subcritical system
with a source having multiplicity r1 [10, 11]. This is expected since the coupling
between the neutrons and the gamma photons is only one way, i.e. the evolution of the
number of gamma photons has no influence on the neutrons, hence all results that refer
only to the neutrons are the same as in the classical theory including only neutrons.
By introducing the modified second factorial moment of the random variables a
and b as follows
µaa ≡ 〈a(a−1)〉−〈a〉2 = σ2a −〈a〉
µab ≡ 〈ab〉−〈a〉〈b〉
(13)
and then taking cross- and auto-derivatives, the following system of differential equa-
tions is obtained for the modified second factorial moments µN1N1 , µN1N2 , µN2N2 of the
neutron and gamma populations:
∂
∂ t
µN1N1 = 2(λ1 f q
(1,0)−λ1)µN1N1 +λ1 f q(2,0)N¯1+Sr(2,0)
∂
∂ t
µN1N2 = Sr
(1,1)+λ1 f q(1,1)N¯1−λ2µN1N2 +(λ1 f q(1,0)−λ1)µN1N2 +λ1 f q(0,1)µN2N2
∂
∂ t
µN2N2 = Sr
(0,2)−2λ2µN2N2 +λ1 f q(0,2)N¯1+2λ1 f q(0,1)µN1N2
(14)
In a stationary system, these modified moments are constant, and can be easily obtained
by solving the algebraic equation resulting from setting the l.h.s. of (14) equal to zero.
The time dependent modified second moments, µN1Z1 , µN2Z1 , µZ1Z1 , µN1Z2 , µN2Z2 , µZ2Z2
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can be found by solving the system of equations:
∂
∂ t
µN1Z1 = (λ1 f q
(1,0)−λ1)µN1Z1 +λ1dµN1N1
∂
∂ t
µZ1Z1 = 2λ1dµN1Z1
∂
∂ t
µN2Z1 =−λ2µN2Z1 +λ1 f q(0,1)µN1Z1 +λ1dµN1N2
∂
∂ t
µN1Z2 = (λ1 f q
(1,0)−λ1)µN1Z2 +λ2dµN1N2
∂
∂ t
µN2Z2 =−λ2µN2Z2 +λ1 f q(0,1)µN1Z2 +λ2dµN2N2
∂
∂ t
µZ2Z2 = 2λ2dµN2Z2
(15)
Again, as could be expected, the first two equations, referring to neutron numbers and
detections only, decouple from the rest, and even from each other such that the first
one can be solved alone and the result can be used to solve the second equation. This
will lead to the well-known Feynman-alpha expression for neutrons with one exponent
only, being equal to ωn = ρ/Λ [11]:
σ2Z1Z1(t)
Z¯1
= 1+(
λd(λ1r(2,0)+λ1 f (q(2,0)r(1,0)−q(1,0)r(2,0)))
r(1,0)(λ1−λ1 f q(1,0))2
)(1− 1− e
−ωnt
ωnt
) (16)
For the gammas, the rest of the coupled equations have to be solved with a second
order characteristic equation. The final expression for the Feynman-alpha formulas for
gammas is given as below:
σ2Z2Z2(t)
Z¯2
= 1+Yg1(1− 1− e
−ωg1t
ωg1t
)+Yg2(1− 1− e
−ωg2t
ωg2t
) (17)
The two roots ωg1 and ωg2 are obtained as
ωg1 =−λ1 f q(1,0)+λ1
ωg2 = λ2
(18)
It is interesting to notice that ωg1 is the same for neutrons and gammas, i.e. ωg1 = ωn.
The functions Yg1, Yg2 in the gamma Feynman-alpha formula (17) are given in the
form:
−Yg1 = 2λ2d(λ1 f µN1N2q
(0,1)−µN2N2(λ1 f q(1,0)+ωg1)+λ1µN2N2)
ωg1(ωg1−ωg2)N¯2
−Yg2 = 2λ2d(λ1 f µN1N2q
(0,1)−µN2N2(λ1 f q(1,0)+ωg2)+λ1µN2N2)
ωg2(ωg2−ωg1)N¯2
(19)
It can be shown that:
Yg0 = Yg1+Yg2 =
2λ2d(λ1 f µN1N2q
(0,1)−λ1 f µN2N2q(1,0)+λ1µN2N2)
ωg1ωg2N¯2
(20)
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2.3. The one-group one-point model for total detection of neutrons and gammas
The motivation behind a separate derivation of the Feynman-alpha formula for the
total detection of neutrons and gammas is related to the fact that variance of the total
detection of neutrons and gammas cannot be represented as a linear combination of
variances of the separate detection of neutrons and gammas because number of detec-
tions for neutrons and gamma are not independent variables.
The assumptions below for the one-group one-point Feynman-alpha theory for the
total detection of neutrons and gammas are similar to the ones used above for the
separate detection of neutrons and gammas with the only difference that now Z(t, td)
represents the number of total neutron and gamma detections in the time interval [td , t].
Thus, the joint probability of having N1 neutrons and N2 gammas at time t, and Z neu-
trons and gammas together having been detected during the period of time t− td ≥ 0
can be defined as P(N1,N2,Z, t|t0). Repeating the same procedure as before, one ob-
tains the following forward-type equation:
dP(N1,N2,Z, t)
dt
=−(λ1N1+λ2N2+S)P(N1,N2,Z, t)
+λ1a(N1+1)P(N1+1,N2,Z, t)+λ2a(N2+1)P(N1,N2+1,Z, t)
+λ1 f
N1+1
∑
k
N2
∑
l
(N1+1− k) f (k, l)P(N1+1− k,N2− l,Z, t)
+λ1d(N1+1)P(N1+1,N2,Z−1, t)
+λ2d(N2+1)P(N1,N2+1,Z−1, t)
+S
N1
∑
m
N2
∑
n
p(m,n)P(N1−m,N2−n,Z, t)
(21)
with the initial condition
P(N1,N2,Z, t = t0 | t0) = δN1,0δN2,0δZ,0 (22)
A generating function with the initial condition for t0 ≤ t, G(X ,Y,W, t = t0 | t0) = 1, in
this case will be introduced as below:
G(X ,Y,W, t) =∑
N1
∑
N2
∑
Z
XN1Y N2W ZP(N1,N2,Z, t) (23)
After some simple manipulations, a partial differential equation is obtained:
∂G
∂ t
= [λ1a+λ1dW −λ1X +q(X ,Y )λ1 f ]∂G∂X +[λ2a+λ2dW −λ2Y ]
∂G
∂Y
+S[r(X ,Y )−1]G
(24)
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For the stationary case, the quantities N¯1, N¯2, Z¯ are given as follows:
N¯1 =
Sr(1,0)
λ1−λ1 f q(1,0)
N¯2 =
Sr(0,1)
λ2
+
Sλ1 f q(0,1)r(1,0)
λ2(λ1−λ1 f q(1,0))
Z¯ = (λ1dN¯1+λ2dN¯2)t
, (25)
where, for obvious reasons, the first two expressions are identical with those of the
previous case, Eqs (10). The modified second moments, µN1N1 , µN1N2 , µN2N2 can be
found by solving the system of equations in the stationary state with zero left hand
sides:
∂
∂ t
µN1N1 = 2(λ1 f q
(1,0)−λ1)µN1N1 +λ1 f q(2,0)Z¯+Sr(2,0)
∂
∂ t
µN1N2 = Sr
(1,1)+λ1 f q(1,1)Z¯−λ2µN1N2 +(λ1 f q(1,0)−λ1)µN1N2 +λ1 f q(0,1)µN2N2
∂
∂ t
µN2N2 = Sr
(0,2)−2λ2µN2N2 +λ1 f q(0,2)Z¯+2λ1 f q(0,1)µN1N2
(26)
The modified second moments, µN1Z , µN2Z , µZZ can be found by solving the system of
equations:
∂
∂ t
µN1Z = µN1Z(λ1 f q
(1,0)−λ1)+λ1dµN1N1 +λ2dµN1N2
∂
∂ t
µN2Z =−λ2µN2Z +λ1 f q(0,1)µN1Z +λ1dµN1N2 +λ2dµN2N2
∂
∂ t
µZZ = 2λ1dµN1Z +2λ2dµN2Z
(27)
Thus, the final expression of the Feynman-alpha formula for the total joint detection of
neutrons and gammas is given as below:
σ2ZZ(t)
Z¯
= 1+Yt1(1− 1− e
−ωt1t
ωt1t
)+Yt2(1− 1− e
−ωt2t
ωt2t
) (28)
where the functions Yt1, Yt2 are given in the form:
−Yt1 = 2λ2d(−λ1d(µN1N2(λ1 f q
(1,0)+ωt1)−λ1 f µN1N1q(0,1)))
ωt1(ωt1−ωt2)(N¯1λ1d + N¯2λ2d)
+
2λ2d(−λ2d(µN2N2(λ1 f q(1,0)+ωt1)−λ1 f µN1N2q(0,1))+λ1(λ1dµN1N2 +λ2dµN2N2))
ωt1(ωt1−ωt2)(N¯1λ1d + N¯2λ2d)
(29)
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−Yt2 = 2λ2d(−λ1dµN1N2(λ1 f q
(1,0)+ωt2)−λ1 f µN1N1q(0,1))
ωt2(ωt2−ωt1)(N¯1λ1d + N¯2λ2d)
+
2λ2d(−λ2d(µN2N2(λ1 f q(1,0)+ωt2)−λ1 f µN1N2q(0,1))+λ1(λ1dµN1N2 +λ2dµN2N2))
ωt2(ωt2−ωt1)(N¯1λ1d + N¯2λ2d)
(30)
It can be shown that
Yt0 = Yt1+Yt2
=− 2λ2d(λ2dλ1 f µN1N2q
(0,1)−λ2dλ1 f µN2N2q(1,0)+λ1λ1dµN1N2 +λ1λ2dµN2N2)
ωt1ωt2(N¯1λ1d + N¯2λ2d)
− 2λ2d(λ1dλ1 f µN1N1q
(0,1)−λ1dλ1 f µN1N2q(1,0))
ωt1ωt2(N¯1λ1d + N¯2λ2d)
(31)
It is interesting to notice that ωt1 and ωt2 are the same as in the case of variance to
mean formula for gamma detections only:
ωt1 =−λ1 f q(1,0)+λ1
ωt2 = λ2
(32)
3. Analysis of the theoretical expressions for asymptotic values of the Feynman-Y
functions for neutron, gamma and total detections (specific case)
3.1. A tendency in the behavior of the asymptotic values of the Feynman-Y function for
the gamma, neutron and total detections
Because of their use in safeguards applications, in order to see the tendency in the
behavior of asymptotic values of the Feynman-Y function for the gamma, neutron and
total detections, in this section we analyze the theoretical expressions for thee asymp-
totic values of the Feynman-Y functions for the specific case when only a compound
source is present in a system, but no internal multiplication takes place. This means
that one sets λ1 f = 0, which leads to a significant simplification of the formulas. All
terms related to the first and second moments of the number of neutrons in induced fis-
sion will disappear. It is clear that these formulas could have been obtained in a simpler
way, too.
After a number of algebraic operations, the asymptotic values of the Feynman-Y
function for the neutron, gamma and total detections can be expressed in a form as
below:
Yn,∞ =
λ1dr(2,0)
λ1r(1,0)
(33)
Yg,∞ =
λ2dr(0,2)
λ2r(0,1)
(34)
Yt,∞ = Yg,∞
(1+ Yn,∞Yg,∞
2λ1
(λ1+λ2)
(r(1,0))2
r(2,0)
)
(1+ Yn,∞Yg,∞
(r(1,0))2
(r(0,1))2
r(0,2)
r(2,0)
)
(35)
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Thus, as it could be easily obtained from the expressions above, the asymptotic value
of the Feynman-Y function for the total detections will be higher, lower or equal to that
for gamma detections when following inequalities are valid :
λ2
λ1
<
2(r(0,1))2
r(0,2)
−1⇒ Yt,∞ > Yg,∞ (36)
λ2
λ1
>
2(r(0,1))2
r(0,2)
−1⇒ Yt,∞ < Yg,∞ (37)
λ2
λ1
=
2(r(0,1))2
r(0,2)
−1⇒ Yt,∞ = Yg,∞ (38)
In the case of a 252Cf-source the value of the expression ( 2(r
(0,1))2
r(0,2)
− 1) is equal to
0.924959.
Thus, one may conclude that the tendency in the behavior of the asymptotic val-
ues of the Feynman-Y function for the gamma, neutron and total detections will be
different, depending on the properties of the system.
It should be also mentioned that if we consider a two-group theory for neutrons [9]
for this specific case, the final expressions for an asymptotic value of the Feynman-Y
function for neutron detection in non-multiplying media will be the same as Eq. (33)
with the only difference that:
λ1 = λ1a+λR+λ1d , (39)
where λR is a removal of neutrons from a fast group (highly energetic neutrons) to a
thermal group (low energetic neutrons).
3.2. Evaluation of the source intensity via asymptotic values of the Feynman-Y function
and count rate for the gamma, neutron and total detections
It is interesting to notice that in a non-multiplying medium with a multiple (com-
pound) source, or, better to say in the case of a small sample with negligible internal
multiplication, one can estimate the source intensity (hence the sample mass) by using
the asymptotic value of the Feynman-Y function and the average count rate (counts per
second, cps) in the long gate (when an asymptotic value is achieved) for neutron and
gamma detections as below:
Yn,∞
cpsn
=
r(2,0)
(r(1,0))2
1
S
(40)
Yg,∞
cpsg
=
r(0,2)
(r(0,1))2
1
S
(41)
However, as could be seen from the expression below, it is not easy to estimate it
by using an asymptotic value of the Feynman-Y function for total detections:
Yt,∞cpst
(Yg,∞)2
= S
(r(0,1))2
r(0,2)
(1+
2(r(0,1))2
r(0,2)
( cpstcpsg −1)
(1+ λ2λ1 )
) (42)
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where as follows from λ2λ1 > 0:
2(r(0,1))2
r(0,2)
> 1 (43)
Nevertheless, inclusion of the information from the asymptotic value of the Feynman-
Y function for the total detection of neutrons and photons might improve the accuracy
of the evaluation of the source intensity.
4. Numerical illustration of the new versions of the Feynman-alpha theory and
their comparison to the traditional variance to mean ratio for neutrons
In order to compare quantitatively the three different alternatives of the Feynman-
alpha theory, namely the traditional one and the two new ones introduced in this paper,
MCNPX [12] simulations were performed in a simplified setup. The setup consists of
two EJ-309 liquid scintillation detectors (D76 x 76 mm) and a 252Cf-source in a form
of a disk with a radius of 0.45 cm, as shown in Figure 2. Each detector is located 10
cm from the source.
Figure 2: Geometry used for the Monte-Carlo simulations.
This setup was chosen because of its similarity to a potential measurement situa-
tion with an orphan source. As mentioned before, the conditions needed for the validity
of the formulas derived in the foregoing are not fulfilled. However, as was also men-
tioned, only the asymmpotic values of the variance to mean will be used, which are
supposed to be less affected by the deviations between the measurement conditions
and the assumptions of the theory.
The comparison of the neutron, gamma and total (neutron and gamma) variance
to mean ratios is made by using quantitative values of the transition probabilities and
reaction intensities obtained in a way similar to that described in [9, 13–17]. In addi-
tion, some quantities were obtained via processing a ptrac file. Gammas from neutron
capture are not included either in the simulations or in the theory; they will be con-
sidered in further work. The coefficients obtained in MCNPX simulations and used
for building up theoretical variance to mean ratios are shown in Table 1 and can be
easily modified (if needed) in an interactive Mathematica notebook for visualization of
gamma and total (neutron-gamma) Feynman-Alpha formulas1. A detection efficiency
1The interactive Mathematica notebook can be downloaded from dx.doi.org/10.13140/2.1.1395.1684
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(ε) for neutrons and gammas is assumed to be equal to 1%, λd = ε ·λa in which the
geometric efficiency is inteded to be included.
Table 1: The quantitative values of coefficients, the transition probabilities and reaction intensities.
λa(
1
s
) λ f (
1
s
) λd(
1
s
)
neutrons 0.00347 0 0.0000347
gammas 0.0093161 0 0.000093161
r(1,0) r(0,1) r(2,0) r(0,2)
3.7639 7.9948 11.9718 66.4085
As one can see, λ2λ1 = 2.68476 which, according to Eq. (36) indicates that Yt,∞ < Yg,∞
and Yg,∞ > Yn,∞.
As shown in Figure 3, the behaviour of the dependence of the variance to mean
for the number of gamma, neutron and total (neutron and gamma) detector counts on
the detection time agrees with the theory predictions. The asymptotic value of the
Feynman-Y function is higher for gamma detections in comparison with the total and
neutron detections.
The variance to mean ratio for neutrons2 reaches its asymptotic value in a time
range between 500-1000 ns, whereas the variance to mean ratio for gamma detections
and total detections result in a plateau starting in the time interval of 1-500 ns. For-
mally, this is due to the fact that in addition to the single exponent of the neutron
variance to mean formula, the gamma and neutron-gamma variance to mean contains
one more exponent, which is larger, due to the shorter lifetime of the gamma photons.
5. Experimental illustration of the new versions of the Feynman-Y theory and
their comparison to the traditional variance to mean ratio for neutrons
5.1. Description of an experimental set-up and procedure
In addition to the numerical evaluation of the newly derived variance to mean for-
mulas for gamma and total (neutron and gamma) detections, these ratios were evaluated
experimentally. Because of the earlier mentioned deviations between the assumptions
of the theory and the experimental setup, these should be considered more like an at-
tempt to get hands-on experience with the data collection and and evaluation procedure,
as well as a preliminary study of the effect of the approximations of the theory.
The experiments were performed with a weak 252Cf (∼17.275 kBq) neutron-gamma
source (originally, 252Cf ionization chamber detector), a 137Cs random gamma source
(∼22.498 kBq), 22Na correlated gamma source (∼ 2125 kBq) and an orphan 22Na (ac-
tivity is known to be less than 1 MBq). The 252Cf-source is a disk with a radius of 0.45
2In the case of using EJ-309 liquid scintillation detectors we only consider neutrons with light output
higher than 200 keVee
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Figure 3: The dependence of the variance to mean of the number of neutron, gamma and total (neutron and
gamma) detections on the detection time.
cm. The experimental setup consisted of two EJ-309 (D76 x 76 mm) liquid scintilla-
tion detectors, each located at a distance of 10 cm from the source and one of the two
sources, i.e. 252Cf and 137Cs, as shown in Figure 4. In the case of measurements with
the 22Na orphan-source and a strong 22Na known source, the distances were increased
up to 20 cm and 50 cm, respectively, to decrease the amount of pile-up events. The
detectors were connected to a 8 channel, 12 bit 250 MS/s, VX1720E CAEN digitizer.
As a first step of the experimental work, a calibration procedure was performed with
a 137Cs source. Pulse height spectra were independently collected during 5 minutes for
each detector with a non-overlapping trigger. The results of the calibration are shown
in Figure 5. As a result of this procedure, the high voltage bias and the DC offset were
adjusted for each detector/channel individually, as follows: Channel 0 (Ch 0, Voltage:
1915 V, DC offset: -38.4), Channel 3 (Ch 3, Voltage: 1750 V, DC offset: -39.9).
The experimental evaluation of the variance to mean ratios for neutron, gamma and
total detections was done with two detectors. Data were collected during 200 seconds
using a simultaneous trigger for all detectors. The data from the detectors were post
processed offline to obtain the dependence of the ratio of the variance-to-mean of the
number of neutron, gamma and total (neutron and gamma) detections on the detection
time (with 0.2 V threshold). This was done the traditional reactor-physics way [10, 18]
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Figure 4: Photo of the configuration of the experimental setup.
via evaluating the variance and mean of the numbers of counts (N) in k consecutive
time intervals of length T, as shown below:
Variancek(T ) =
1
k−1 ·
k
∑
i=1
(Ni− 1k
k
∑
i=1
Ni)2
Meank(T ) =
1
k
k
∑
i=1
Ni
The uncertainty in the variance to mean ratio was estimated as below [19]:
σ2Y [T ] =
(N2)2
(N)2
· ( (N
4−N22))
(N2)2 · (k−1))
+
(N2−N2))
(N)2 · (k−1)) −
2 · (N3−N2 ·N))
(N2 ·N) · (k−1))
)+
(N2−N2))
(k−1)) ,
In case of collecting data from a 252Cf-source, pulse shape discrimination was per-
formed in a way similar to [20] by using a charge comparison method [21]. In Figure 6
it is seen that the neutrons and gammas are well separated. Thus, for a sufficiently good
separation between neutrons and gammas a discrimination can be achieved by just set-
ting the PSD parameter threshold equal to 0.115. More accurate separation requires ap-
plication of another method for neutron-gamma discrimination, e.g. correlation-based
techniques [23] or artificial neural networks [22, 24].
5.2. Experimental variance-to-mean ratios for neutron, gamma and total detections
As a first step, using the 252Cf source, the source strength was extracted from
the asymptotic value of the variance to mean for counting neutrons only. The source
16
Figure 5: Pulse height spectra obtained for two detectors/channels with a 137Cs source.
Figure 6: 2D plot of the counts as a function of the pulse energy and the PSD parameter[20].
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strength was correctly estimated from the measurements. Quantitative results are shown
in Fig. 8 below. Such estimates were performed with success also by other group [7].
This means that for the case of neutrons, the deviations between the model assumptions
and the experiments do not play a significant role.
The test of the use of the newly elaborated formulas for gamma and gamma+neutron
counts was performed in the second step. An experimental evaluation of the variance to
mean ratios for gamma detections was performed for four sources: 252Cf, 137Cs, 22Na
and 22Na-orphan. The results are shown in Figure 7.
Figure 7: The dependence of the ratio of the variance-to-mean of the number of gamma detections on the
detection time for 252Cf, 137Cs and two 22Na sources.
As was expected, in case of a Poisson gamma source, such as 137Cs, the value of
the variance of the gamma detections is equal to the mean value. In contrast, 22Na
is a non-Poisson (compound Poisson) source of gammas3, the same way as the 252Cf
source emits multiple gammas. Therefore, the value of the variance is deviating from
the mean value of the gamma detections for both sources. It is interesting to notice that
the asymptotic values of the variance to mean ratio for two 22Na-sources are higher than
for the 252Cf source, despite the fact that in general there are more gammas emitted in
3A 22Na nucleus emits, in addition to a prompt gamma, also a positron, which due to annihilation leads
to emission of two gammas.
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a 252Cf-source event in comparison to a 22Na-source event. However, the strength of
the 22Na sources is at least an order of magnitude higher than the strength of 252Cf.
An attempt was made to determine the possibility of evaluating the activity of an
orphan 22Na source and a strong 22Na known-source using the asymptotic values of
the Feynman-Y function and count rate for the gamma detections and equation 41.
The results of this evaluation are shown in Table 2. Unfortunately, as it is shown for
Table 2: Evaluation of the activity of 22Na-sources via asymptotic values of the Feynman-Y function and
count rate for the gamma detections.
Declared activity Feynman-Yg,∞ Count rate, cps Solid angle Calculated source activity
correction factor
2125 kBq 0.0303±0.0003 5957±4 346.26 46895±465 kBq
orphan source 0.0376±0.0009 400.36±1.41 55.40 406.32±9.83 kBq
a 22Na source with known activity, the calculated value is 22 times higher than the
declared value. This indicates that for the case using gamma detections, the deviations
between the model assumptions and the experiment play a larger role than for neutrons.
Some of the deviations may be sought in the experimental settings, and in particular
in the detection process (e.g. the type of detectors used), since in a liquid scintillation
detector each individual photon undergoes a multiple number of Compton scatterings
etc., while in a theory it is assumed that the first detection removes particles from the
system.
One, of course, may try to assume that the ratio between the declared activity and
the calculated activity should be the same for both 22Na-sources. Such a procedure
would yield the 22Na orphan source has an activity of 18.3975 kBq. However, this
is not a reliable approach. Therefore, to solve this issue, in further work we plan to
perform similar measurements with HPGe detectors.
Since the 252Cf is a source of both neutrons and gammas, the next step of the in-
vestigation was the evaluation of the variance to mean ratio for neutron, gamma and
total4 detections. As shown in Figure 8, the asymptotic value of variance to mean ratio
for neutron detections is higher than that for gammas (for all thresholds, i.e. 0.2 V, 0.4
V, 0.5 V) and totals. At the same time, in contrast to the theoretical predictions, the
asymptotic value of variance to mean ratio for total and neutron detections is overesti-
mated.
It should be also mentioned that for the case of gamma and total detections, a
measurement period of 200 seconds was sufficient to get the results with relatively low
uncertainty, while for the case of neutron detections, the uncertainties are significant
for comparable measurement times.
As it is shown in Table 3, the activity of the 252Cf source, calculated from the
asymptotic values of the Feynman-Y function and count rate for the gamma detections
is 22-33 times higher than the declared value for all thresholds used. As mentioned
earlier, the most likely reason is the deviation between the model assumptions and
4No neutron-gamma discrimination was applied to obtain the total counts
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Figure 8: The dependence of the ratio of the variance to mean of the number of neutron, gamma (thresholds:
0.2 V, 0.4 V, 0.5 V) and total detections on the detection time for 252Cf-source.
Table 3: Evaluation of the 252Cf-source activity via asymptotic values of the Feynman-Y function and count
rate for the gamma and neutron detections.
Feynman-Yi,∞ Yn,∞ Yg,∞, 0.2 V Yg,∞, 0.4 V Yg,∞, 0.5 V
0.0147±0.0025 0.0075±0.0005 0.0031±0.0005 0.0039±0.0005
Count rate, cps cpsn cpsg, 0.2 V cpsg, 0.4 V cpsg, 0.5 V
22.51±0.36 301.55±1.23 168.95±0.92 135.38±0.82
Calculated source activity, Bq In Ig, 0.2 V Ig, 0.4 V Ig, 0.5 V
17923±3061 578590±38645 784270±12657 499530±64114
Declared source activity 17275 Bq
experimental setup, including the detection process, just as with the 22Na sources. This
is in contrast to the fact that, as also mentioned earlier, the activity of 252Cf calculated
via using asymptotic values of the Feynman-Y function and count rate for the neutron
detections is in agreement with the declared value. The reasons for the discrepancy for
the gamma and neutron-gamma detections will be investigated both theoretically and
experimentally in future work.
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6. Conclusion
Derivation and evaluation of analytical expressions for the new neutron-gamma
variance to mean (Feynman-alpha) formulas for separate gamma and total detections
for both reactor and safeguards applications were presented in this paper. It was found
that the variance to mean (Feynman-alpha) formulas for separate gamma and total de-
tections are both obtained in a two-exponential form. One of the exponents (ω1) is the
same for total and gamma detections as for neutron detections. This lead to the conclu-
sion that the variance to mean (Feynman-alpha) formulas for separate gamma and total
detections contain the same information on neutron population and neutron detection
characteristics. This is not valid in reverse, i.e. the variance to mean (Feynman-Y)
formula for neutron detections does not contain any information on gamma population
or detection characteristics.
The results of the analysis of the theoretical expressions for a case of non-multiplying
media (source without internal multiplication) showed that the order of magnitude of
asymptotic values for a variance to mean ratio for neutron, gamma and total detec-
tions depends on the properties (λ2λ1 ) of the system and inherent properties of the source
(( 2(r
(0,1))2
r(0,2)
− 1)). In addition, the theoretical expressions derived for evaluation of the
source intensity based on asymptotic values for a variance to mean ratio and count rate
for the gammas, neutrons and totals showed that totals solely can not be used for this
purpose due to the strong dependence of a final formula on external parameters (cpsg,
Yg,∞,
λ2
λ1
). However, they might be used for improving an accuracy of already evaluated
values.
As a whole, numerical evaluation of the theoretical formulas showed an agreement
with theoretical predictions, although did not show an agreement with following exper-
imental investigations for total and gamma detection. Most likely the reason for this is
due to the deviations between the model assumptions underlying the theory and exper-
iments, in particular the difference between the detection process in the experimental
setup and the way how the detection process is described by theory. As a possible solu-
tion one may use different type of detectors, e.g. HPGe detector or CdZnTe. Interesting
to notice is that the asymptotic values of the Feynman-Y function and count rate for the
fast neutron detections and use of the equation 40 give a good prediction of the source
activity.
It is also worth mentioning that for the case of gamma and total detection time
of 100 seconds for measurements were sufficient to obtain results with relatively low
uncertainty, while for the case of neutron detections much larger uncertainties prevail
for comparable measurement times.
Thus, one may conclude that the new formulas for gamma and total neutron-gamma
detections have a promise to complement, and in some cases replace the traditional
variance to mean (Feynman-Y) formula for neutron detections. The variance to mean
(Feynman-Y) formula for total neutron-gamma detections may eliminate the problem
related to discrimination between neutron and gamma particles in scintillation detec-
tors. At the same time the variance to mean (Feynman-alpha) formula for gamma
detections has a potential to be used with detectors of only gamma radiation, which is
normally employed in a spent fuel pool.
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